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Summary

In a recent paper Srivenkataramana [5] suggested a new product-type estima
tor which is complementary, in a certain sense, to the traditional ratio estima
tor. In this note some results are derived concerning the efficiency of his esti
mator over the mean per unit estimator and the traditional ratio estimator
under a super-population model.
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Introduction

Consider a finite population with N units and let xt and yi denote the
valiies for two positively correlated characters x and y respectively for
the ith unit in this population, i = \,2, . . . , N. Assume that the popu
lation mean Z of jc is known. Let x and y be the sample means ofand
y respectively based on a srswor of n (n < N) units. Then the traditional
ratio estimator = y is used to improve upon the pimple unbias
ed estimator y as an estimator of the population mean y of j when the
correlation between :c and y is highly positive.

Srivenkataramana [5] proposed a new product-type estimator defined
by

NX-nx

{N - n)X
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which is more efl5cient than y or j>r when

K ^ Cy ^ l+K
2 a 2

where. C® and Cy denote the coefficient' of variations of and y respect
ively, p denotes the correlation coefficient, between x and y, and K =
JilN — n. Since, j*, is less efficient than y when p{CJCx) < i, Srivenkata-
ramana suggested that is complementary to >>, in the sense that, when

is inferior to p it is also inferior to pa.
In the present note the efficiencies of these strategies under a super-

population model concerning the relationship between y and x are com
pared. The results indicate that in most cases ya is superior to y and
inferior to J'r.

Following Cochran [2] it is assumed that the finite population under
consideration is itself a random sample from a hypothetical super-popu
lation for which

yi = ^Xi + ei ¥ i (I)

such that ^{eilxi) = 0,
(g(e?/xi) = Sx?,

and ^iciejlxi, Xj) = 0 for

where 0<S<oo, 0<g<2 aud (g denotes the expectation with res
pect to the distribution of e|s over the hypothetical super-population.
Further, following Durbin (1959), Tin [6] Rao and Web-ster [4] and
others, assume that ;cis are i. d. gamma variates with parameter h.

Efficiency Comparisons

The usual expression for the bias and the approximate expression for
the variance of ya based on srswor scheme are

'"O W - ^ - <1 - «

where R = YjX.
Unlike J>r, the bia^of pa is independent ofn arid hence'it is not a con

sistent estimator of F.
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The expressions for the bias and variance of j'o under (I) using Rao
and Webster's [4] theorem are obtained as follows;

Let Zi, z^, ... ,zn be independent gamma variates with parameter h.
Then for j

zlz) fl + /z 6 + A 1

( SZi )" (ITf
(fih a b — t)

t=\

where a, b and c are non-negative integers.
Using relation (1) under the model we get

P/2
- iVA -f 1

N-n 8 1T + 8

(1)

(2)

and =
Nn

(\-Kf p='/r +
h + g)(Nh + g+ 1)

{Nh{Nh + 2) -f Nh{2g - is: - 1) (1 - 7^) -f g(l -t- g) (1 - Kf}

Again, under (I) j>r is unbiased and

and following Arnab (1979)

rv(x ^" r -! + 2) i.Nn l\h {Nh + g) (Nk + ^-h 1) i

From (3) and (4) we find that

(gF(j>) - mya) = (2 - K) PVJ

+
^\h + g{Nh{2g-K) + gil+g)(2- K)}

h{Nh -f g) (Nh + g-+ 1)

(3)

(4)

(5)

(6)

Hence, from (6), ya is more efficient than if /iT < 2 and g > Kl2 i. e.
if « < 2I3N and g > nl2(N — n) and ya is less efficient than y if
isT > 2 and g < Kl2. ya may also be more efficient than y even when
K < 2 and g < KI2. When gi, ya is more efficient than j> if ^ < 1
i.e. n < Nl2. If g and K are negligible compared to Nh then ya is more
efficient than y whenever K < 2. However, when K — 2 and g = I, the
two estimators are equally efficient.
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Again, from (3) and (5) we have

- &V(^r =
N-n

Nn

+
(1 - a:) s u +jm(2g-K- 1).+ g(i + g)(1 -K)Y

~ ^ \'h {Nh + g){Nh + g+ 1)
(7)

' So, in situations where ^ < 1and g ^ 1+ ^/2,- i.e. n < Njl and
g > Nl2iN —«), Jr wiil be more eCadent than j>o. Ug > 1, j>r is more
^cient than when K< l.Jfg and Kare negligible compared to Nh,
yr will be more efficient than ya- In situations where K == 1, yr and ya
are equally efficient. .

Remark. The conditions for the superiority of diflferent estimators
derived above are only sufficient conditions. The necessary conditions
are, however, difficult to get.

Numerical Values of Ralatlve Efficiendes of the Strategies

Defining £1-= 100 &V(p)I^V(pa) and = 100 ^V(yr)l&V(pa) we
present below in Table 1the values of the relative efficiencies of pa with
respect^o and pr for a few combinations of the parametric values under
the model (I). Values are given for iV = 60, S = 2.0 and h = 8.0.

From the above results we may conclude that, for the given model, ya
isnot better than yr which contradict the complementarity hypothesis of
Srivenkataramana.
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